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Source: D. Campbell. ‘A truly frightening backlog’: ex-NHS chief warns of delays in 
vital care. The Guardian, April 2, 2021 / N. Davis and D. Campbell. New Covid wave 
could worsen NHS surgery backlog, experts warn. The Guardian, May 20, 2021.

Source: COVIDSurg Collaborative (2020) Elective surgery cancellations due to the COVID-19 pandemic: 
global predictive modeling to inform surgical recovery plans. British Journal of Surgery, 107(11): 1440-1449.

• 12-week cancellation rates of surgery for benign disease 
(March to May 2020)
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Source: Meredith, High, and Freischlag (2020) Preserving elective surgeries in the COVID-19 pandemic and the future. JAMA 324(17):1725-1726. Tonna, Hanson, Cohan, McCrum, Horns, Brooke, Das, Kelly, 
Campbell, and Hotaling (2020) Balancing revenue generation with capacity generation: case distribution, financial impact and hospital capacity changes from cancelling or resuming elective surgeries in the US 
during COVID-19. BMC Health Services Research 20(1):1-7.

• Increased financial costs for hospitals and insurers due to worsened diseases

• Potentially, worst health care outcomes for patients due to delayed treatment

• Significant financial loss for hospitals

• Average monthly loss of revenue of the U.S. hospitals is $50.7 billion for 
March-June 2020 (Meredith et al. 2020).

• Elective surgeries account for 43% of gross revenue of the U.S. hospitals 
(Tonna et al. 2020).
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• Expanding surgical capacity of hospitals will expedite patient treatment

- Improved health outcomes

- Lower treatment costs

• Current policies are rather adhoc

- No expansion, or expanding capacities by pre-determined factors.

➡ Silver Bullet:  An optimization-based methodology to dynamically manage surgical 
capacity for deferred surgeries, while balancing the profit with service requirements.

• The continuously changing patient demand requires the capacity has to adjust dynamically.
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<latexit sha1_base64="Ap8wxIj9dkzQ37p3Lw24IUQR5IQ="></latexit>
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x(⌧)
t  u(⌧)

t
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<latexit sha1_base64="uO6uvyFv96FQSmE8ImOuzp7ec7c="></latexit>
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(CB ,C) 2 C
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Eojin Han (SMU) Capacity Management for Deferred Surgeries 6/11

• Dynamic programming (DP) model:

• Lack of distributional information

• Model difficult to solve

• Challenges
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• Introduce departure uncertainty  such that  .

➡   is an uncertain proportion of non-departing patients at time .

θt ∈ [0,1] wt = (1 − θt)(ut − xt)

θt t

u(τ)
t =

t−1

∏
k=max(τ,1)

θk dτ −
t−1

∑
t′￼=max(τ,1) (

t−1

∏
k=t′￼

) x(τ)
t′￼

∀τ = − L, ⋯, t ∀t ∈ [T] .

• Now  is described via multilinear functions of  ,  , and  asut θt dt xt

• We take a (distributionally) robust optimization approach to address this multilinearity.
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• Robust Optimization (RO)
- Uncertainties are described via polyhedral and box sets.

- Decisions are made to minimize the worst-case cost.

- Introduce the tree of uncertainty products and leverage 
McCormick relaxations to handle multilinear uncertainty.

{wt | wt = ⇢t(ut � xt), ⇢ 2 U⇢}

<latexit sha1_base64="GK8NEHa6t2OY9k9oaKBIi5pGVZY="></latexit>

Uw(uT ,xT ) =

<latexit sha1_base64="iIHN8B5P5NZwCDRdFnNPk5OO060=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoIiWRim6EohuXFZq20IYwmU7aoZMHMxO1hPyDG3/FjQtF3Lpx5984SSto64GBc869l7n3uBGjQhrGl1ZYWFxaXimultbWNza39O2dlghjjomFQxbyjosEYTQglqSSkU7ECfJdRtru6Cqrt28JFzQMmnIcEdtHg4B6FCOpLEc/6vlIDjFiiZU6d5VcuV4Sp07z+EfcK3EILxy9bFSNHHCemFNSBlM0HP2z1w9x7JNAYoaE6JpGJO0EcUkxI2mpFwsSITxCA9JVNEA+EXaS35TCA+X0oRdy9QIJc/f3RIJ8Ica+qzqzNcVsLTP/q3Vj6Z3bCQ2iWJIATz7yYgZlCLOAYJ9ygiUbK4Iwp2pXiIeIIyxVjCUVgjl78jxpnVTNWvX0plauX07jKII9sA8qwARnoA6uQQNYAIMH8ARewKv2qD1rb9r7pLWgTWd2wR9oH99PuJ5p</latexit>
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<latexit sha1_base64="GQrBXbCgtGxboSaopV3EeAYty/4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkosuiG5cVTFtoQplMJu3QySTMTIQSAm78FTcuFHHrT7jzb5ykWWjrgYEz59zLvff4CaNSWda3UVtZXVvfqG82trZ3dvfM/YOejFOBiYNjFouBjyRhlBNHUcXIIBEERT4jfX96U/j9ByIkjfm9miXEi9CY05BipLQ0Mo/cCKmJH2ZBDl3KYfnFiGVOPjKbVssqAZeJXZEmqNAdmV9uEOM0IlxhhqQc2laivAwJRTEjecNNJUkQnqIxGWrKUUSkl5U35PBUKwEMY6EfV7BUf3dkKJJyFvm6slhRLnqF+J83TFV45WWUJ6kiHM8HhSmDKoZFIDCggmDFZpogLKjeFeIJEggrHVtDh2AvnrxMeuctu926uGs3O9dVHHVwDE7AGbDBJeiAW9AFDsDgETyDV/BmPBkvxrvxMS+tGVXPIfgD4/MHH9qX1w==</latexit>
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• Distributionally Robust Optimization (DRO)
- Uncertainties are described via unknown distributions, which are 

described via sets.

- Decisions are made to minimize the worst-case expected cost.

- Leverage the mean-absolute deviation (MAD) based ambiguity sets

• Robust Optimization (RO)
- Uncertainties are described via polyhedral and box sets.

- Decisions are made to minimize the worst-case cost.

- Introduce the tree of uncertainty products and leverage 
McCormick relaxations to handle multilinear uncertainty.

EF

h
|⇠t � b⇠t|

i
 �⇠t

<latexit sha1_base64="bQI3t8bhpM8h3ASBKfRGhBtGALM="></latexit>

EF [⇠t] = b⇠t

<latexit sha1_base64="n2L23RSydDj2gm7G9gt7NUxa7j8=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiIV3QhFUVxWsA9oQphMJ+3QyYOZG7WEfIIbf8WNC0XcunTn3zh9LLT1wIXDOfdy7z1+IrgCy/o25uYXFpeWCyvF1bX1jU1za7uh4lRSVqexiGXLJ4oJHrE6cBCslUhGQl+wpt+/GPrNOyYVj6NbGCTMDUk34gGnBLTkmQdOSKDnB9ll7mVXedt54B64+Aw797zDegQyreQeeGbJKlsj4FliT0gJTVDzzC+nE9M0ZBFQQZRq21YCbkYkcCpYXnRSxRJC+6TL2ppGJGTKzUYP5XhfKx0cxFJXBHik/p7ISKjUIPR15/B8Ne0Nxf+8dgrBqZvxKEmBRXS8KEgFhhgP08EdLhkFMdCEUMn1rZj2iCQUdIZFHYI9/fIsaRyV7Ur5+KZSqp5P4iigXbSHDpGNTlAVXaMaqiOKHtEzekVvxpPxYrwbH+PWOWMys4P+wPj8AV1FnXA=</latexit>

PF

⇣
⇠t 2 [⇠

t
, ⇠t]

⌘
= 1

<latexit sha1_base64="tAucBBYcO4tYa8sFqxwHCHbP+fw="></latexit>

F 2 M+ s.t.

<latexit sha1_base64="gpuaYERdKnENrplH1UkQhOXzoc8=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiCEBKp6LIoiBuhgn1AE8pkOm2HTiZh5kYsIR/gxl9x40IRt36AO//GaZuFth4YOJxzLnPvCWLBNTjOt7WwuLS8slpYK65vbG5tl3Z2GzpKFGV1GolItQKimeCS1YGDYK1YMRIGgjWD4eXYb94zpXkk72AUMz8kfcl7nBIwUqdUvsIel9gLCQwoEelN1kmPM+wBe4AUaxvsDJuUYzsT4Hni5qSMctQ6pS+vG9EkZBKoIFq3XScGPyUKOBUsK3qJZjGhQ9JnbUMlCZn208kxGT40Shf3ImWeBDxRf0+kJNR6FAYmOV5az3pj8T+vnUDv3E+5jBNgkk4/6iUCQ4THzeAuV4yCGBlCqOJmV0wHRBEKpr+iKcGdPXmeNE5st2Kf3lbK1Yu8jgLaRwfoCLnoDFXRNaqhOqLoET2jV/RmPVkv1rv1MY0uWPnMHvoD6/MHSiyagw==</latexit>

{wt | wt = ⇢t(ut � xt), ⇢ 2 U⇢}

<latexit sha1_base64="GK8NEHa6t2OY9k9oaKBIi5pGVZY="></latexit>

Uw(uT ,xT ) =

<latexit sha1_base64="iIHN8B5P5NZwCDRdFnNPk5OO060=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoIiWRim6EohuXFZq20IYwmU7aoZMHMxO1hPyDG3/FjQtF3Lpx5984SSto64GBc869l7n3uBGjQhrGl1ZYWFxaXimultbWNza39O2dlghjjomFQxbyjosEYTQglqSSkU7ECfJdRtru6Cqrt28JFzQMmnIcEdtHg4B6FCOpLEc/6vlIDjFiiZU6d5VcuV4Sp07z+EfcK3EILxy9bFSNHHCemFNSBlM0HP2z1w9x7JNAYoaE6JpGJO0EcUkxI2mpFwsSITxCA9JVNEA+EXaS35TCA+X0oRdy9QIJc/f3RIJ8Ica+qzqzNcVsLTP/q3Vj6Z3bCQ2iWJIATz7yYgZlCLOAYJ9ygiUbK4Iwp2pXiIeIIyxVjCUVgjl78jxpnVTNWvX0plauX07jKII9sA8qwARnoA6uQQNYAIMH8ARewKv2qD1rb9r7pLWgTWd2wR9oH99PuJ5p</latexit>
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<latexit sha1_base64="GQrBXbCgtGxboSaopV3EeAYty/4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkosuiG5cVTFtoQplMJu3QySTMTIQSAm78FTcuFHHrT7jzb5ykWWjrgYEz59zLvff4CaNSWda3UVtZXVvfqG82trZ3dvfM/YOejFOBiYNjFouBjyRhlBNHUcXIIBEERT4jfX96U/j9ByIkjfm9miXEi9CY05BipLQ0Mo/cCKmJH2ZBDl3KYfnFiGVOPjKbVssqAZeJXZEmqNAdmV9uEOM0IlxhhqQc2laivAwJRTEjecNNJUkQnqIxGWrKUUSkl5U35PBUKwEMY6EfV7BUf3dkKJJyFvm6slhRLnqF+J83TFV45WWUJ6kiHM8HhSmDKoZFIDCggmDFZpogLKjeFeIJEggrHVtDh2AvnrxMeuctu926uGs3O9dVHHVwDE7AGbDBJeiAW9AFDsDgETyDV/BmPBkvxrvxMS+tGVXPIfgD4/MHH9qX1w==</latexit>
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• Distributionally Robust Optimization (DRO)
- Uncertainties are described via unknown distributions, which are 

described via sets.

- Decisions are made to minimize the worst-case expected cost.

- Leverage the mean-absolute deviation (MAD) based ambiguity sets

• Robust Optimization (RO)
- Uncertainties are described via polyhedral and box sets.

- Decisions are made to minimize the worst-case cost.

- Introduce the tree of uncertainty products and leverage 
McCormick relaxations to handle multilinear uncertainty.
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• Numerical Experiments
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• Distributionally Robust Optimization (DRO)
- Uncertainties are described via unknown distributions, which are 

described via sets.

- Decisions are made to minimize the worst-case expected cost.

- Leverage the mean-absolute deviation (MAD) based ambiguity sets

• Robust Optimization (RO)
- Uncertainties are described via polyhedral and box sets.

- Decisions are made to minimize the worst-case cost.

- Introduce the tree of uncertainty products and leverage 
McCormick relaxations to handle multilinear uncertainty.
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Can be  (stochastic), or  (distributionally robust)𝔼 sup 𝔼
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where

Overall Problem

10

• Overall problem: Can be  (stochastic), or  (distributionally robust)𝔼 sup 𝔼

Multilinear uncertainty
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Tree of Uncertainty Products
• The problem consists of uncertain terms of the form

• This constraint involves sums of multilinear terms. 
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Tree of Uncertainty Products
• The problem consists of uncertain terms of the form

• This constraint involves sums of multilinear terms. 

• We show that if 

- the multilinear products are in the form of leaves of tree, and

- No two leaves without common ancestor share that uncertain component
     then the constraint is equivalent to its McCormick relaxation

11
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z(0) = (0,0,0,0,0)
Root node (Node 0)
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Tree of Uncertainty Products: Example

12

,  z(1) = (0,1,0,0,0) k*1 = 2
Node 1

z(2) = (1,1,0,0,0)
k*2 = 1 Node 2

z(3) = (1,1,0,1,0)
k*3 = 4

Node 3

z(4) = (1,1,0,0,1)
k*4 = 5

Node 4

z(0) = (0,0,0,0,0)
Root node (Node 0)
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Exact
No shared ξ

Exact
No shared   

except from ancestor
ξ

Not Exact
Shared ξ
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• Conservative Approximation

• Exact Reformulation

• If  is a box and

• Tree of Uncertainty Products has no overlap
𝒰
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Tractable Approximations
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Step 1. Employ decision rules, e.g., Linear decision rules

 , .

Step 2. Substitute to the overall problem and identify all multilinear functions of uncertainties.
Step 3. Form a tree of uncertainty products and approximate with lifted uncertainty sets.

x(τ)
t = w(τ)

t +
t−1

∑
t′￼=1

W(τ)
t,t′￼

θt′￼
+

t

∑
t′￼=1

Ŵ(τ)
t,t′￼

dt′￼
Ct = vt +

t−1

∑
t′￼=1

Vt,t′￼
θt′￼

+
t−1

∑
t′￼=1

̂Vt,t′￼
dt′￼
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Step 1. Employ decision rules, e.g., Linear decision rules

 , .

Step 2. Substitute to the overall problem and identify all multilinear functions of uncertainties.
Step 3. Form a tree of uncertainty products and approximate with lifted uncertainty sets.

x(τ)
t = w(τ)

t +
t−1

∑
t′￼=1

W(τ)
t,t′￼

θt′￼
+

t

∑
t′￼=1

Ŵ(τ)
t,t′￼

dt′￼
Ct = vt +

t−1

∑
t′￼=1

Vt,t′￼
θt′￼

+
t−1

∑
t′￼=1

̂Vt,t′￼
dt′￼

Proposition
Under linear decision rules, the multistage problem is approximated as a static robust 
optimization problem with  uncertain parameters and decision variables.𝒪(T3)

Generalizable to multilinear decision rules!
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• Distributionally Robust Optimization (DRO)
- Uncertainties are described via unknown distributions, which are 

described via sets.

- Decisions are made to minimize the worst-case expected cost.

- Leverage the mean-absolute deviation (MAD) based ambiguity sets

• Robust Optimization (RO)
- Uncertainties are described via polyhedral and box sets.

- Decisions are made to minimize the worst-case cost.

- Introduce the tree of uncertainty products and leverage 
McCormick relaxations to handle multilinear uncertainty.
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• Numerical Experiments
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• Uncertainties are described via unknown distributions, which are described via 
ambiguity sets.

• Decisions are made to minimize the worst-case expected cost.

• Overall formulation:
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min
CB ,C1

sup
Fd1

Ed1
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min

x1
sup
Fw1

Ew1


H1(·) + min
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
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Ew2


H2(·) + · · ·+min
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T

EdT
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· · ·
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Mean-MAD Ambiguity Sets
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For the set of non-negative Borel measurable functions , , 

, and  , mean-MAD ambiguity set  is defined as

ℳ+(ℝ2T) λθt
, λdt

≥ 0
0 ≤ θt < ̂θt < θt ≤ 1 0 ≤ dt < ̂dt < dt ℱ

Definition

•  : lower and upper support of  and .

•  : expectation of  and .

•  : mean-absolute deviation bound of  and .

θt, θt, dt, dt θt dt
̂θt, ̂dt θt dt

λθt
, λdt

θt dt
All of them can be easily 
estimated from (small) data!
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• The supremum of a convex function over this set is a 3 point distribution (Ben-Tal & 
Hochman 1972).
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• The supremum of a convex function over this set is a 3 point distribution (Ben-Tal & 
Hochman 1972).

• We extend existing results to the MAD set with inequality.

• This allows us to reformulate the DRO problem as a Stochastic Optimization problem.

- We solve this problem using Sample Average Approximation

19



/29Kartikey Sharma (ZIB)

Mean-MAD Ambiguity Sets

FY =
�
F 2 M+(R)

�� P(Y 2 [y, y]) = 1, E[Y ] = y0, E[|Y � y0|]  �
 
,

<latexit sha1_base64="t4/LGgOdVl8n+I3PtHGYICPk/VM="></latexit>

20



/29Kartikey Sharma (ZIB)

Mean-MAD Ambiguity Sets

FY =
�
F 2 M+(R)

�� P(Y 2 [y, y]) = 1, E[Y ] = y0, E[|Y � y0|]  �
 
,

<latexit sha1_base64="t4/LGgOdVl8n+I3PtHGYICPk/VM="></latexit>

20

• The supremum of a convex function over this set is a 3 point distribution on
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Key Result
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Theorem
With the mean-MAD ambiguity set , the multistage DRO problem is reformulated as a 
stochastic optimization problem with three-points discrete distributions for each uncertain parameter.

ℱ
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Theorem
With the mean-MAD ambiguity set , the multistage DRO problem is reformulated as a 
stochastic optimization problem with three-points discrete distributions for each uncertain parameter.

ℱ

• Under mean and MAD constraints, the worst-case probability distribution is always fixed, 
supported over lower and upper bounds, and their means.

• Insight:  There exists a class of stochastic optimization problems whose solutions are 
distributionally robust!
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• Distributionally Robust Optimization (DRO)
- Uncertainties are described via unknown distributions, which are 

described via sets.

- Decisions are made to minimize the worst-case expected cost.

- Leverage the mean-absolute deviation (MAD) based ambiguity sets

• Robust Optimization (RO)
- Uncertainties are described via polyhedral and box sets.

- Decisions are made to minimize the worst-case cost.

- Introduce the tree of uncertainty products and leverage 
McCormick relaxations to handle multilinear uncertainty.
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• Numerical Experiments
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- All payment information with dates for all medical procedures and drug transaction history
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Case Study of Hernia Surgery

23

• Hernia dataset contains all claim records of patients in network from 2017 to 2020.

- Dates of office visit, surgery (if performed)

- All payment information with dates for all medical procedures and drug transaction history

• Cost parameters and demand/departure uncertainty information is estimated from the hernia 
dataset.

• Our analysis estimates current backlog as 4 months of average (pre-pandemic) monthly demand.

• Four methods are implemented and compared:

- RO: robust optimization-based method

- DRO: distributionally robust optimization-based method

- Det60: temporally increase capacity by at most 60% (for ~7 months)

- Det100: temporally increase capacity by at most 100% (for ~5 months)
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• DRO performs better in expectation (mean), but RO performs better at higher risk (CVaR90).
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• Both RO and DRO keep maximum capacity for the first three months (surge period).
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• DRO keeps higher capacity than RO after the surge period.
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• Both RO and DRO policies achieve less numbers of deferrals and departures than deterministic 
policies.
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• Both RO and DRO policies achieve less numbers of deferrals and departures than deterministic 
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• Both RO and DRO policies improve over the deterministic policies

• RO is robust to higher and lower demand scenarios, but DRO is only guaranteed 
to protect against high demand settings.
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• Objective improvement (in percentage) over deterministic policies for different costs

• RO becomes more preferable than DRO when a decision-maker faces both higher 
expansion and departure costs.
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• Dynamic expansion of surgical capacity is necessary to manage a large number of deferred surgeries.

• We develop two optimization methods, based on RO and DRO.

• We introduce the notion of tree of uncertainty products to make RO models tractable.

• Proposed methods significantly improve objectives (5~10%) over deterministic policies in the hernia 
case study.
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