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What is the problem?

de=d(1+056)  €eU={€|& €[0,1] ve}

e ~ Unif[ov 1] e € [0, 1] e € [07 1—’7$5]

in Egey[d(€) " i d(é)’ i dé)'y +c'
min Eecy(d(€) y]  min maxd(§) 'y min max d(§) 'y +e x
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Decision Dependent Uncertainty

Stochastic Opt: Jonsbraten et al., 1998, Goel and
Grossmann, 2004, 2006
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Decision Dependent Uncertainty

Stochastic Opt: Jonsbraten et al., 1998, Goel and
Grossmann, 2004, 2006

Robust Opt: Poss, 2013, Bertsimas and Vayanos, 2015,
Vujanic et al., 2016, Zhang et al., 2016

min ¢'x + dTy

X,y

st. Ax+ Ey <b VE e U(x)

» Model interpretation.

» Proactive uncertainty control
> Natural effects

» Possible dependencies :
» Ux)={E |G vec(E) <g+ A
- U(x) = [E | vee(®) = vee(®) + L, fulls < 1- 72}
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min ¢ x+d'y
x)y

st.a, x+&y<b V& eU (x)

U (x) = {€| Gi€ < gi + Asx}
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Complexity

min ¢’
X?y

st.a; x+&'y <b V& eU (x)

x+d'y

Ul (x) ={€] Gi¢ < gi + Aix}

» Reformulation leads to a bilinear program.
> Indicates difficulty of problem.
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Complexity

T

min ¢'x+d'y

Xy
st.a; x+&'y <b V& eU (x)

Ul (x) ={€] Gi¢ < gi + Aix}

The robust linear problem with uncertainty set U” is NP-complete. \
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Leveraging the set

v

If x is binary, Big-M leads to MILP reformulation.

v

Poor numerical performance

v

Linearization does not leverage set structure

v

Imposing structure allows better reformulations.
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Leveraging the set

v

If x is binary, Big-M leads to MILP reformulation.

v

Poor numerical performance

v

Linearization does not leverage set structure

v

Imposing structure allows better reformulations.
Let x € {0,1}"
U(x) = {¢|GE<g, £<V+W(e—x), £>0}

Constraint to be reformulated:

yT€ <b vE e U (x).
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UN(x)={¢|Gé<g, €<v+W(e—x), £>0}
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TI-Reformulation

UN(x)={¢|Gé<g, €<v+W(e—x), £>0}

-
max
axy 3
st. GE<g

E<v+W(e—x)
£>0
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TI-Reformulation

UN(x) = {¢|Ge<g, €<v+W(e—x), £>0}

max (y —IIx) 'z +y'¢

mgaxyTE 2,
s.t. G(z <
st. GE<g (z+¢)<e
z < We
£<v+W(e—x)
¢<v
£>0
z,(=>0
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TI-Reformulation

UN(x)={¢|Gé<g, €<v+W(e—x), £>0}

max (y —IIx) 'z +y'¢

m?xyTE 2,
ot GE < g st. G(z4+(¢)<g
o - < W
E<v+W(e—x) == e
£>0 ¢(<v
B z,(=>0

» II: of upper bounds on dual variables. Similar to Big-M.
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TI-Reformulation

UN(x)={¢|Gé<g, €<v+W(e—x), £>0}

max (y —IIx) 'z +y'¢

m?xyTE 2,
s.t. G(z <
st. GE<g (z+¢)<e
z < We
E<v+W(e—x)
¢<v
£>0
z,(>0

» II: of upper bounds on dual variables. Similar to Big-M.
» Problem convex in x and y.
» Network interdiction (Cormican et al. 1996).
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TI-Reformulation

THEOREM

The constraint y '€ <b V& € L{ﬁ(x) can be reformulated as

t'g+r We+s'v<b
sl +t'G>y'

r' +t'G>y —x'II
r,s,t > 0.
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TI-Reformulation

THEOREM

The constraint y '€ <b V& € Uﬁ(x) can be reformulated as

t'g+r We+s'v<b
sl +t'G>y'

r' +t'G>y —x'II
r,s,t > 0.

» Fewer constraints than Big-M reformulation.
» Convex problem : use of cut-generating methods.

» Better solution times.
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Application : Shortest Path

min  max Z cxij + Z di; (&)yij

st. xe {0,1}M y e,

Ut (x) = {5 | > G ST, & < 1=y, & >0 V(i) € A}

(i,5)eA
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Application : Shortest Path

¢ : cost of reduction

min max Z @ Z dij (&)yij
Y EEUTT(x) (i,j)eA (i,5)€A
st. xe {0,1}M y e,

(i,5)eA

Ut (x) = {5 | > G ST, & < 1=y, & >0 V(i) € A}
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Application : Shortest Path

¢ : cost of reduction

e g 2 (o 3 dio

(i,5)€ i,j)€A
st. xe {0,1}M y e,

UP(x) = ¢| Z & < T, & < 1§z‘j20 V(i,j)e A

(i,5)eA

~ : uncertainty reduction

NORTHWESTERN RO witH DDU 8/16



Network
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Network

=1, v=0.8
SP Nominal = 95 Worst Case = 127
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Numerical Results : Speed

100 random graphs, ¢ =1.0,7v = 0.2, =2
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Numerical Results : Speed

100 random graphs, ¢ =1.0,7v = 0.2, =2

200+ B
el
o Big-M
150~
El
E 100+
F
50
& | ‘ \ ‘ |
% 100 150 200 250

Graph Size

= II formulation better than Big-M

NORTHWESTERN RO witH DDU

10/16



Numerical Results : Performance

100 random graphs, 50 samples, nodes = 30,7v=0.2, I'=3
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Numerical Results : Performance
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Numerical Results : Performance
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—> Performance of DDU improves with lower reduction costs.
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100 random graphs, ¢ = 1.0,y = 0.2, nodes = 30
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Path Behavior

100 random graphs, ¢ = 1.0,y = 0.2, nodes = 30

]
——
\
\

%
T

\
\

~
T
/
/

Average number of arcs
v w
T T

=)

NORTHWESTERN RO witH DDU 12/16



Path Behavior

100 random graphs, ¢ = 1.0,y = 0.2, nodes = 30
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Path Behavior

100 random graphs, ¢ = 1.0,y = 0.2, nodes = 30
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The number of arcs in the path increases and then decreases with
increase in the total amount of uncertainty.
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Conclusion

> Use decisions to proactively control uncertainty. Less
conservatism.

» Decision-dependent uncertainty allows to reduce conservatism

» Problems with decision-dependent uncertainty are
NP-complete.

> Leveraging set structure allows to improve performance.

Kartikey Sharma

kartikeysharma2014@u.northwestern.edu
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NP-Completeness Proof

» Consider an instance of the 3-Satisfiability problem (3-SAT)
foraset N ={1,2,...,n} of literals and m clauses, which
tries to find a solution x € {0,1}" that satisfies

Tiy +Tig + (L —z45) > 1 Vi=1,...,m.

» Next, consider the following special decision dependent
problem with x e ", y e R | z e R

min {—z |z—a'ly <0, VaelU(x), x,y<1, —y< —1}7
X’y1Z20

Ux)={(at,...,am) | a; > xi, , a; > x4y, a; > 1 — x4, , a; <1}

Note that the 3-SAT problem is embedded in this set.
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Standard Reformulations

THEOREM

The constraint yT& < b V& € UM (x) has the reformulation

tTd-l—sTv-l-sTWe—Zri <b
s+t D>yT '
wisi — M(1—x;) <1 < Mz
r; < W;S;

r,s,t >0
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Standard Reformulations

THEOREM

The constraint yT& < b V& € UM (x) has the reformulation

tTd+sTv+sTWe—Zri <b
s+t D>yT '
wisi — M(1—x;) <1 < Mz
r; < W;S;

r,s,t >0

» Large number of constraints and poor numerical performance

» Does not leverage the structure of the uncertainty set
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